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We would like to guarantee a correct detection for tha maximal error and deviation. The correct angle
of a convex vertex is %TE and the correct angle of a reflex vertex is 7. Therefore we require:

3

5n—28—p>n und g+28+p<n
i T

@28+p<§ @28+p<§.

Additionally, we would like to distinguish between horizontal and vertical edges after hitting an edge.
Either we slip along the vertical edge or we start at the horizontal with the simple counter. Again we
assume the worst-case situation; see Figure 2.9.

We measure the turning angle 7y for the corresponding edge. For a horizontal edges this is exact

see Figure 2.9(i). If this angle is between —% and —3% we conclude that we have a horizontal

.
2 4
edge. Otherwise the edge is assumed to be vertical. Note that 7y is always negative. We assume that the
deviation from the starting direction is @.

@ (i) (ii1)

Figure 2.9: Hitting a horizonal edges (i) in the error-free case, (ii) for small absolut v, (iii) for large absolut .

In Figure 2.9(ii) the deviations @,d and p should make |y| as small as possible and still smaller than
—7» 0 is negative. In Figure 2.9(iii) the deviations ¢, and p should make |y| as large as possible and
3n

larger than — =7, @ is positive. We conclude from Figure 2.9(ii)

— X g4s4p<-T e Eisip<
Y=—5-¢ P<—3 1 P<9,

and from Figure 2.9(iii)

= (n+ +0+ )> 37‘C<:>n d—p>
Y= 5 ¢ p I I p=>0.
We We detect horizontal edges precisely if @(h;) €] — 5 +0+p,5 —8—p[ holds. Therefore we
require +p < §. A maximal deviation of § —8 — p would be enough for correct detections. Since we
might start the free space move with an error of 8 at a vertex we require 7 — 28 — p for the deviation. O

Exercise 15 In the above corollary we can set 8 = 0 and p = 0 and require that we do not deviate in the
free space by an angle of m/4. Why is this different to the error-free case where an error of less than T/2
was allowed for the free space movements.

2.2 Navigation with touching sensor

We distinguish between the term Navigation for visiting a given target (known coordinates) and the
term Searching for searching for an unknown goal (unknown coordinates). The family of the so-called
Bug-Algorithms are the first algorithms for the navigation task in polygonal environments?. The first

2In this case Bug is not meant as a synonym for an error.



50 Chapter 2 Polygonal enviroments

simple strategies have been introduced by Lumelsky and Stepanov [LLS87], extensions and modifications
came from Sankaranarayanan et al. [SM92, SV90a, SV90b, SV91]. Many variants have been discussed
since then. Bug-variants have been practically used for the navigation of some of the Mars rovers like
Sojourner or Bridget, (see also RoverBug, [LB99]).

In the following we assume that the coordinates of the target are known and that the agent have a
finite storage so that coordinates of points and /or length of (sub)path can be stored. The agent also is
aware of the coordinates of its current position, for example by GPS.

Any Bug-algorithm runs with the same principle and actions: The agent moves toward the target
until an obstacle is visited (Move-To-Target action) Then the agent follows the wall of the obstacle for a
while (Follow-Wall action) until some condition triggers the next movement in the free space toward the
target. The leaving condition is the main difference between the Bug-variants.

We assume that the agent R is point-shaped and equipped with a touch sensor for the Follow-Wall
action. We make use of the following notations:

e |pg| denotes the distance between two points p and g,
e D :=|st| denotes distance from start s to target ¢,

e Tg denotes the path of a strategy S from s to #; |g| denotes the length of this path where |mtg| := oo,
if there is no such path,

e U(P;) denotes the perimeter of the obstacle P;.

2.2.1 Strategies of Lumelsky and Stepanov

The first algorithm Algorithm 2.2, Bugl, leaves an obstacle P; at a point p € P; that is the closest point
to the target. This defines a sequence of Hit-Points /;, where the agent hits an obstacle and Leave-
Points /;, where the agent leaves an obstacle. Since the coordinates of the target and the coordinates
of the current position are known, the agent can calculate the corresponding distances. Additionally, by
successively counting small steps, the agent can calculate the path length of the path along the boundary
during the circumnavigation and also the path length to the currently computed optional leave-point.
Additionally, the path length (along the boundary) to the With these values the agent can perform step 3
of Algorithm 2.2 Figure 2.10 shows an example for the path of Bugl.

Figure 2.10: Example execution of strategy Bugl.

We assume that there is a finite number of polygonal obstacles and that the obstacles do not touch
or intesect. The number of polygons is finite in the sense that any circle of fixed radius contains only
finitely many obstacles P;.
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Algorithm 2.2 Bugl
0. lp:=s,i:=1

1. From ¢;_; move toward the target, until

(a) Target is visited: Stop!
(b) An obstacle is reached at point ;. If h; = ¢;_;: The goal cannot be reached.

2. Surround the obstacle in cw-order — keep track of the point ¢; on the boundary with the shortest
distance to t —, until

(a) Target is visited: Stop!
(b) h; is reached.

3. Move along the shortest path along the boundary to ;.

4. Increase i, GOTO 1.

Theorem 2.13 (Lumelsky, Stepanov, 1985)
Strategy Bugl finds a path from a starting point s to a target t, if such a path exists. [LS87]

Proof. For the sequence of hit- und leave-points we have
|st| > |hyt| > [012]... > |hgt| > |lkt].

Since for any visited obstacles we choose a leave-point that is closest to the target, any obstacles can be
left. Otherwise, if this is not the case, the obstacle would fully enclose the target. This also means that
we have a strict > in the above sequence. Any obstacle can be visited only once and the finite number of
obstacles within the circle of radius |s¢| around ¢ lead to a finite sequence which ends at the target. O

For the performance we conclude:

Theorem 2.14 (Lumelsky, Stepanov, 1985)
Let Ttgyg| denote the path from s to t, for the successful application of the strategy Bugl. [LS87] We
have:

3
[MBug1| < D+ 3 Y u(p).
i

Proof. We subdivide the path into the movements along the boundary of the obstacles P; and the move-
ments in the free space. Since step 3. of Algorithm 2.2 makes use of a shortest path we have path length
%):U(P,») for any visited obstacle. It remains to calculate the length D’ for the free space movements.
We show that D’ < D holds.

D = |Sh1|—|—|€1h2|—|—...—{—|fk,1hk|—{—|ka|
< shu| 4+ [Ciho| 4+ . A [y hie| + gt |
= |Sh1|—|—|€1h2|—|—...+|£k,12‘|

|shi|+ [€1ha] + |hot|
= |shi|+|4it]
< shy|+|mt] = |st| =D

We can compare the above result with the lower bound Theorem ?? and conclude that in comparison tg
any other Bug-strategy the strategy Bugl can be consodered to be %—competitive.
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Corollary 2.15 Bugl is %-competitive in comparison to arbitrary Bug-like online strategyies.

In the next variant we would like to avoid complete circumnavigations of the obstacles. Therefore
we make use of a line G passing through the segment s¢. At any time during the Wall-Follow action we
will try to move toward the target if we reach a point at G that is closer to ¢ than the previous hit-point;
see Algorithm 2.3. Note that by this action, it is possible to visit an obstacles more than once which was
impossible for Bugl. i and £; do no longer denote hit- and leave-points of the j-th obstacle.

Figure 2.11: Example of the execution of the strategy Bug?2.

Figure 2.12 shows an example, where an obtacle is visited more than once. After hit-point /3 the
agent does not leave the obstacle at p; or ¢ since |hst| is smaller thanthe distance of p; and ¢; to . At
p2 and ps3 the agent cannot leave the obstacle since the segments p, 3t are blocked by the obstacle.

Figure 2.12: The execution of Bug2 can lead to several visits of the same obstacle.

The number of polygons is finite in the sense that any circle of fixed radius contains only finitely many
obstacles P;.

Lemma 2.16 The strategy Bug2 meets finitely many obstacles.

Proof. In step 2b of Algorithm 2.3 the agent leaves an obstacle only if |¢;t| < |k;t| holds. Since the circle
of radius |s7| around # contains only finitely many obstacles we can hit only finitely many obstacles. 0

The number of surroundings depend on the intersections of the line passing through st with the
boundary of the relevant obstacles.

Lemma 2.17 Let n; denote the number of intersections of the line 7 passing through st with the bound-
ary of polygon P,. The strategy Bug?2 visits any point of P; only % times.

Proof.
Bug? successively defines pairs (;,;) of hit- und leave-points and by the leave condition we have

|jt| > €5t > |hjiat].
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Algorithm 2.3 Bug2

0. bo:=s,j:=1
1. From /;_; move toward the target, until

(a) Target is reached: Stop!
(b) An obstacle is visited at &;.

2. Surround the obstacle in cw-order, until

(a) Target is reached: Stop!

(b) The line passing segment st is visited at point g, |g¢| < |h;t| and gf is free, such that we can
leave the obstacle from ¢ toward the target.
Setlj:=gq, j:= j+1and GOTO 1.

(c) hj is visited again without reaching a point ¢ as in described in b). The target cannot be
reached. erreicht werden.

This means that any point is only once a leave-point or a hit-point and any intersection point can
appear only in one pair (/;,£;). On the other hand a single pair can only lead to one full surrounding, if
the same hit-point is visited, the strategy stops. We have at most % pairs and surroundings. O

Finally we conclude that we have only finitely many relevant intersections and either the strategy visits
a current hit-point again and the corresponding obstacle enlcoses the target or we will finally succeed.

Corollary 2.18 Strategy Bug?2 is successful, if the target can be reached.

The performance of Bug?2 is given in the following statement.

Theorem 2.19 (Lumelsky, Stepanov, 1985)
Let Ttgygy denote the path from s to t, for the successful application of strategy Bug2. We have

n; U(P;
ez < -+ Y U
i

Here P; is an obstacle that is visited during the execution of Bug2. [LS87]

Proof. The term Y %(P") follows from Lemma 2.17. For the length of the free space movements, say I,
between the obstacles, we make use of the same arguments as in the proof of Theorem 2.14 and conclude
D' <D. O

Bug2 is not always better than Bugl. Obviuously, in the presence of convex obstacles, Bug2 outperforms
Bugl.

Corollary 2.20 For a polygonal scene with convex obstacles the successful application of strategy Bug?2
has path length

’TCBugZ‘ S D + ZU(Pl)
i

Exercise 16 Compare the variants Bugl and Bug2. Present an example where Bugl outperforms Bug?2.
Show that for both strategies the performance guarantee is tight.
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2.2.2 Strategies from Sankaranarayanan and Vidyasagar

Many variants of the Bug-strategies have been discussed. Many of them make use of more sensor power
for local improvement. For example a VisBug2 strategy makes use of a visibility range and can find
local short-cuts for the Bug2 path. We would like to mention some structural different variants from
Sankaranarayanan and Vidyasagar. The reason is that we would like to show that some local optimization
can have unexpected disadvatages.

4 h3

hi g’

Figure 2.13: Example of the execution of Changel.

Bugl fully surrounds any obstacle, Bug?2 tries to avoid this by moving toward the goal a bit earlier.
In this case a single obstacle can be visited many times. Algorithm 2.4 tries to avoid this behaviour: If
a surrounding is started, and an old hit- or leave-point (not the current hit-point!) is visited, the strategy
starts moving along the boundary in ccw-order; see Figure 2.13.

Theorem 2.21 (Sankaranarayanan, Vidyasagar, 1990)
For the length of the path of the successful application of strategy Changl we have [SV90a]

’TCChangel ‘ <D+2- ZU(Pl)
i

Proof. Exercise O

Figure 2.14: Example execution of strategy Change2.

Strategy Change2 (Algorithm 2.5) differs from Changel only in the leaving condition. The leave-
point is not restricted to a point on the line 7. As soon as there is a point ¢ on the boundary in the
Follow-Wall action that is closer to the target than the distance |hz| for the last hit-point,we will leave the
obstacle toward the target, if this is possible. Note that such a behaviour can also be used for a variant of
Bug?2.
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Theorem 2.22 (Sankaranarayanan, Vidyasagar, 1990)
For the length of the path of the successful application of strategy Changl we have [SV90b]

|TcChange2| S D + 2 ZU(PI)
i
Proof. Exercise O

Exercise 17 Present proofs for the above two Theorems. Show that the bounds are tight.

Algorithm 2.4 Wechsell
0. lp:=s,i:=1

1. Move from ¢; | along the line passing s and ¢ toward the target, until

(a) Target is reached: Stop!
(b) An obstacle is reached at A;.

2. Surround the obstacle, until

(a) Target is reached: Stop!

(b) The line passing s and ¢ is visited a some point ¢ such that the distance from ¢ to ¢ is smaller
than h;t and the segment ¢f is free (see refalgobug?2).
Set ¢;:=¢q,i:=i+ 1 und GOTO 1.

(c) A hit- or leave-point &; orl; with j < i is visited: Move back to &; in ccw-order and start
ccw-order surrounding under condition (a), (b) oder (d) (not (c) again!)

(d) h; is visited again without reaching a point as indicated in (b) or (c). The goal is enclosed by
an obstacle.

Algorithm 2.5 Wechsel2

As Changel, but:
0. lp:=s,i:=1
1. Move from ¢;_; along the line passing s and ¢ toward the target, until

2.(b) A point ¢ is visited such that the distance from ¢ to ¢ is smaller than /;¢ and the segment ¢f is free
(see refalgobug?).
Set ¢;:=gq,i:=i+ 1 und GOTO 1.
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